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Abstract: A novel optimization-based multibody dynamics modeling method is proposed 
for two-dimensional (2D) team lifting prediction. The box itself is modeled as a floating-
base rigid body in Denavit-Hartenberg representation. The interactions between humans 
and box are modeled as a set of grasping forces which are treated as unknowns (design 
variables) in the optimization formulation. An inverse dynamics optimization is used to 
simulate the team lifting motion where the dynamic effort of two humans is minimized 
subjected to physical and task-based constraints. The design variables are control points of 
cubic B-splines of joint angle profiles of two humans and the box, and the grasping forces 
between humans and the box. Analytical sensitivities are derived for all constraints and 
objective functions, including the varying unknown grasping forces. Two numerical 
examples are successfully simulated: one is to lift a 10 Kg box with the center of mass 
(COM) in the middle, and the other is the same weight box with the COM off the center. 
The humans’ joint angle, torque, ground reaction force, and grasping force profiles are 
reported. The optimal solution is obtained in 151.99 seconds. The simulated motions are 
validated against the experimental joint angle profiles. Reasonable team lifting motion, 
kinematics, and kinetics are predicted using the proposed novel multibody dynamic 
modeling approach and optimization formulation. 
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CHAPTER I 
 
 
INTRODUCTION 
1.1 Motivation and Objectives 
 
Two-person or team lifting is a popular manual handling strategy that is routinely used when the 
lifting capacity of the single worker is expected to be exceeded by the lifting tasks and also when 
mechanical assistance is not available. Due to the variety of lifting situations, it would be difficult 
to provide a mechanical device, but team lifting can be used in handling heavy and awkward or 
bulky objects. Team lifting is also often used in the furniture handling industry, manufacturing, 
and construction sectors (Marras et al., 1999), retails sales, and healthcare industry to transfer 
patients (Charney et al., 1991, Daynard et al., 2001). In addition, it was reported that 53% of all 
lifts performed by military personnel were performed by more than one person (Sharp et al., 
1997). 
The primary objective of this research is to develop a 2D team lifting prediction model to study 
the cause-and-effect. In addition, the simulation results are validated against the experimental 
data. The ultimate goal is to develop a subject-specific ergonomic tool to protect workers from 
injury for team lifting tasks.  
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1.2 Background 
 
In recent decades, there has been a great amount of work on developing guidelines for manual 
material handling (MMH) such as NIOSH lifting equations. Many researchers have conducted 
MMH studies, but these studies were mostly about single person lifting although team lifting 
tasks are required in many workplaces. The experiment-based physiological, psychophysical, and 
biomechanical approaches are the three methods for analyzing team lifting in the literature. The 
only predictive team lifting simulations are in the robotics field to study load sharing problems 
among robots or between human and robot using optimization (Cheng and Orin, 1991; Lawitzky 
et al., 2010; DelPreto and Rus, 2019). 
The physiological approach is related to the metabolic and circulatory capabilities of the human 
body. A person's ability to lift during frequent and prolonged tasks may be limited by his/her 
metabolic and circulatory capabilities. This approach is focused on determining the energy 
requirements of the task and the effects on the cardiovascular system during MMH tasks (Konz 
and Johnson, 2004). Metabolic energy expenditure is directly proportional to the workload at 
steady-state conditions (Aquilano, 1968; Astrand and Rodahl, 1986; Ayoub et al., 1981; Durnin 
and Passmore, 1967; Hamilton and Chase, 1969; Mital, 1984). The metabolic rate at which body 
expends energy was considered as the limiting factor when the lifting frequencies were more than 
eight lifts per minute. This approach was used to determine the expected weight to be lifted 
(Chaffin et al., 1999). In the case of manual lifting, mathematical models exist to predict motion 
and maximum lifting weight based on oxygen uptake (Aberg et al., 1967; Frederik, 1959) or 
energy cost. 
The psychophysical approach depends on human feelings, physical strain, discomfort, and fatigue 
with MMH tasks. In this method, the subjects first estimate the amount of weight that can be 
lifted comfortably over a specified time period without experiencing any strain or discomfort. 
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Then lifting experiment is conducted to verify these estimations. For maximum weight lifting, the 
extreme load is not used in experiments instead the weight is gradually increased until the 
subjects stop the process to avoid injury. Using the psychophysical method, Karwowski (1988) 
and Lee and Lee (2001) reported that for infrequent lifting of compact loads by inexperienced and 
young college students, the best predictor of team lifting capacity was the strength of the 
strongest team member. On the other hand, some researchers suggested that the best way to 
predict the team lifting power was the strength of the weakest team member (Rice et al., 1995; 
Fox, 1982).  In the literature, there are some general conclusions for psychophysical method: the 
maximum lifting capacity for a lifting team is higher than for an individual, males on average 
have a greater maximum lifting capacity than females, and mixed-gender teams have an 
intermediate lifting capacity (Karwowski, 1988; Mital and Motorwala, 1995; Sharp et al., 1997). 
In addition, the maximum lifting capacity for a two-person team was less than the summed lifting 
capacity of the team members (Karwowski, 1988; Karwowski and Mital, 1986; Karwowski and 
Pongpatanasuegsa, 1988; Sharp et al., 1997; Lee and Lee, 2001) whereas contradictory findings 
have been reported by other researchers (Johnson and Lewis, 1989; Mital and Motorwala, 1995). 
Furthermore, the lifting capacity is decreased when the height of the lifting team members is 
unmatched (Lee and Lee, 2001). Due to some contradictory findings, the psychophysical studies 
of team lifting capacity to date are somewhat ambiguous. But, factors like strength, gender, 
standing height of team members and the nature of the lifting task influence team lifting capacity. 
The experiment-based biomechanical approach focuses on determining forces and torques acting 
on the human body for MMH tasks and their effects on various body parts and joints. 
Experimental data are first collected including motion capture data, ground reaction forces 
(GRFs), and electromyography (EMG), then input into the biomechanical model to analyze the 
lumbar spine compression and shear forces for team lifting motion (Marras et al. 1999). Dennis 
and Barrett (2003) have examined factors that influence spinal loads in team lifting. For the 
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matched and unmatched standing height of the team members, taller subjects experienced greater 
mean spinal loads than the shorter subjects in the unmatched condition compared to the matched 
condition. In addition, the person at the heavier end of the load experienced higher spinal loads 
due to the effect of load mass distribution. 
Predictive team lifting simulation is a challenging task due to model complexity, unknown 
grasping forces, and load distribution between subjects. Over the last few decades, researchers 
developed biomechanical prediction approaches for lifting (Ayoub, 1992; Arisumi et al., 2007; 
Xiang et al., 2010a, 2010b, 2012; Song et al., 2016), but no work was reported for team lifting 
predictions. Forward dynamics optimization (Thelen et al., 2006; Shourijeh et al., 2014), inverse 
dynamics optimization (Fregly et al., 2007; Ren et al., 2007; Xiang et al., 2009a; Farahani et al., 
2016), and optimization with direct collocations (Ackermann & Van den Bogert, 2010; Arora & 
Wang, 2005) are several different optimization formulations for lifting simulations. This research 
aims to develop a novel optimization-based multibody dynamics modeling method to predict 
team lifting motion. The simulated results can be used to plan the optimal team lifting motion to 
protect workers from injury for team lifting tasks. 
 
1.3  Overview of thesis and specific contribution 
 
The thesis contents are organized as follows: the multibody human-box system is first described 
in Chapter 2, and recursive kinematics and dynamics with sensitivity analysis are developed. 
Also, new sensitivity equations about varying external force is derived. Chapter 3 covers the 
details of the optimization formulation including design variables, objective function, and 
constraints for the team lifting problem. Chapter 4 presents two numerical examples, centric- and 
eccentric-weight lifting with experimental validations and discussions. Finally, concluding 
remarks and plan for future research are given in Chapter 5. 
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The research contributions of this work are summarized as follows:  
(1) A novel optimization-based multibody dynamics modeling method was proposed for 2D 
team lifting prediction and hand grasping forces prediction. 
(2) Joint actuating torque was calculated from the inverse recursive Lagrangian dynamics 
with analytical gradient evaluations in the optimization process so that the formulation 
was computationally efficient. 
(3) The effect of the box center of mass (COM) was investigated. The simulation 
demonstrated that the box COM location has significant effects on the optimal team 
lifting strategy, kinematics, and kinetics. 
(4) The simulated motion was validated against the experimental joint angle profiles. 
Reasonable team lifting motion, kinematics, and kinetics were predicted using the 
proposed novel multibody dynamic modeling approach and optimization formulation. 
These results can be used to plan the optimal team lifting motion to prevent injury. 
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CHAPTER II 
 
 
MULTIBODY HUMAN-BOX SYSTEM 
2.1 Human-box Model 
Two 2D human skeletal models and a floating-base rigid box are considered in this work as 
shown in Figure 2.1. The human skeletal model is symmetric along the sagittal plane and has 𝑛 =
10 degrees of freedom (DOFs). The box has three global DOFs including two translations and 
one rotation. Each human skeletal model consists of two physical branches and one virtual branch 
including the global DOFs. The two physical branches are the spine-arm branch and leg branch. 
In the spine-arm branch, two arms are represented by a single branch since only 2D symmetric 
lifting is studied. The arm branch includes an upper arm and a lower arm. In the leg branch, two 
legs are combined as a single branch including thigh, tibia, and foot. Both the human skeletal 
models and the box are constructed by using the well-established robotic formulation of the 
Denavit-Hartenberg (DH) method (Denavit and Hartenberg, 1955). Each DOF represents relative 
rotation/translation of two body segments connected by a revolute/prismatic joint. For revolute 
joints, the direction of rotation is the local 𝑧-axis according to the right-hand rule. On the other 
hand, for prismatic joints, the direction of the movement is the translation along the local 𝑧-axis. 
It is noted that the global rotation joint (𝑧3), spine joint (𝑧4), and hip joint (𝑧7) coincide at the 
same location for human1, and the global rotation joint (𝑧13), spine joint (𝑧14), and hip joint (𝑧17) 
coincide at the same location for human2 in Figure 2.1. The positive directions for all the local 
rotation joints 
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(𝑧3 ~ 𝑧10) of human1 and box (𝑧23) are clockwise in the global Y-Z plane, but for the human2 the 
local rotational joints (z14 ~ z20) are counter clockwise in the global Y-Z plane. In addition, there 
are two grasping forces (𝐟1
𝑐 and 𝐟2
𝑐) acting on the two bottom edges of the box as depicted in 
Figure 2.1. In this study, human1 and human2’s anthropometric data are generated from 
GEBOD™, a regression-based utility software based on the measured height, weight, and stature 
(Cheng et al., 1994). 
 
Figure 2.1. The 23-DOF 2D team lifting skeletal-box model (with global DOFs, human1: 
𝑧1, 𝑧2, 𝑧3; human2: 𝑧11, 𝑧12, 𝑧13; box: 𝑧21, 𝑧22, 𝑧23 ) 
In Figure 2.1 both for human1 and human2, three DOFs are used for global translations and 
rotation and seven DOFs are for the body joints. Only two global translations and one global 
rotation are considered for the box, so it is called floating base box. 
 
  4, 7)
 10
  
  
  4, 7)
  
  
  
  
 10
  
  
  14  17 
 20
 1 
 1 
 1 
 1 
 1 
 1 
 20
 1 
 1 
  14 , 17 )
 3
O
  4, 4) Spine
  7, 7) Hip 
  14, 14) Spine
  17, 17) Hip 
 4
  
  
 7
  
   10
 12
 11
 13 14
 17
 1 
 1 
 1 
 1  20
 23
  21
 22
Z
Y
 1
 2
O
𝐟 
 𝐟 
 
8 
 
Table 2.1 Joint angle symbols and names for human1 
Symbol Coordinate name Symbol Coordinate name 
𝑧1 Global translation joint coordinate 𝑧  Elbow joint coordinate 
𝑧2 Global translation joint coordinate 𝑧7 Hip joint coordinate 
𝑧3 Global rotation joint coordinate 𝑧  Knee joint coordinate 
𝑧4 Spine joint coordinate 𝑧  Ankle joint coordinate 
𝑧  Arm joint coordinate 𝑧10 Subtalar joint coordinate 
 
Table 2.2 Joint angle symbols and names for human2 
 
Table 2.3 Joint angle symbols and names for the Box 
Symbol Coordinate name 
𝑧21 Global translation joint coordinate 
𝑧22 Global translation joint coordinate 
𝑧23 Global rotation joint coordinate 
 
 
Symbol Coordinate name Symbol Coordinate name 
𝑧11 Global translation joint coordinate 𝑧1  Elbow joint coordinate 
𝑧12 Global translation joint coordinate 𝑧17 Hip joint coordinate 
𝑧13 Global rotation joint coordinate 𝑧1  Knee joint coordinate 
𝑧14 Spine joint coordinate 𝑧1  Ankle joint coordinate 
𝑧1  Arm joint coordinate 𝑧20 Subtalar joint coordinate 
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2.1.1 Denavit-Hartenberg (DH) Table  
 
The DH parameters for human1, human2, and the box are described in Table 2.4, 2.5, 2.6 where θ 
represents a rotation about local z-axis, d represents the translational distance on local z-axis, a 
represents the translational distance on the local x-axis, and α represents the rotation on the local 
x-axis. The motion sequence is θ, d, a, and α. As there are two branches in each body frame, each 
branch has a starting local frame that inherits from its parent branch.  
 
 
Figure 2.2 Two 2D skeletal models with link lengths 
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Table 2.4 DH table for 2D human1 model 
DOF ϴ d a α 
1 𝜋 0 0 𝜋/2 
2 𝜋/2 L4+L5 0 −𝜋/2 
3 0 0 0 0 
4 −𝜋/2 0 L1 0 
5 𝜋 0 L2 0 
6 0 0 L3 0 
7 𝜋/2 0 L4 0 
8 0 0 L5 0 
9 −𝜋/2 0 L6 0 
10 0 0 L7 0 
 
Table 2.5 DH table for 2D human2 model 
DOF ϴ d a α 
11 𝜋 0 0 𝜋/2 
12 𝜋/2 L11+L12 0 𝜋/2 
13 0 0 0 0 
14 𝜋/2 0 L8 0 
15 −𝜋 0 L9 0 
16 0 0 L10 0 
17 −𝜋/2 0 L11 0 
18 0 0 L12 0 
19 −𝜋/2 0 L13 0 
20 0 0 L14 0 
 
Table 2.6 DH table for Box 
DOF ϴ d a α 
21 𝜋 0 0 𝜋/2 
22 𝜋/2 0 0 −𝜋/2 
23 0 0 0 0 
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The link length, mass, and moment of inertia will be obtained from GEBOD™ software based on 
the subject’s measured body weight and stature.  
 
2.2   Kinematics and dynamics 
The Newton-Euler and Lagrangian methods have been studied recently to derive the EOM for 
multibody human dynamics. Accurate sensitivity of dynamics is needed for the gradient-based 
optimization algorithm, and it is a key factor to solve the problem efficiently and accurately. But 
it is generally difficult and tedious to develop the sensitivity equations and their implementation. 
In this work, recursive kinematics and Lagrangian dynamics are used for kinematics and 
dynamics analysis of the 2D human model. The process includes two parts: forward kinematics 
and backward dynamics where forward kinematics disseminates the motion from the root to the 
end-effectors and backward dynamics transfer the forces from end-effectors to the root. 
 
2.2.1  Forward recursive kinematics 
In this forward recursive kinematics process, the global position, velocity and acceleration 
transformation matrices for the ith joint can be defined as 𝐀𝑖, 𝐁𝑖, 𝐂𝑖 respectively where all of them 
are 4 × 4 matrices. So, the forward joint kinematics are calculated as: 
  𝐀𝑖 = 𝐓1𝐓2𝐓3 ⋯𝐓𝑖 = 𝐀𝑖−1𝐓𝑖 (2.1) 
 𝐁𝑖 = ?̇?𝑖 = 𝐁𝑖−1𝐓𝑖 + 𝐀𝑖−1
𝜕𝐓𝑖
𝜕𝑞𝑖
?̇?𝑖  (2.2) 
𝐂𝑖 = ?̇?𝑖 = ?̈?𝑖 = 𝐂𝑖−1𝐓𝑖 + 2𝐁𝑖−1
𝜕𝐓𝑖
𝜕𝑞𝑖
?̇?𝑖 + 𝐀𝑖−1
𝜕2𝐓𝑖
𝜕𝑞𝑖
2 ?̇?𝑖
2 + 𝐀𝑖−1
𝜕𝐓𝑖
𝜕𝑞𝑖
?̈?𝑖  (2.3) 
where 𝑞𝑖, ?̇?𝑖  , ?̈?𝑖 are angular displacement, velocity, and acceleration for ith joint, 𝑖 = 1 to n; 𝐀0 =
[𝐈] (identity matrix) and 𝐁0 = 𝐂0 = [𝟎]; 𝐓𝑖 is the DH transformation matrix from the (i-1)th frame 
to the ith frame and it is expressed in Eq. (2.4), 
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𝐓 
𝑖−1
𝑖 = [
cos θ𝑖 −cos α𝑖 sin θ𝑖 sin α𝑖 sin θ𝑖 𝑎𝑖 cos θ𝑖
sin θ𝑖 cos α𝑖 cos θ𝑖 −sin α𝑖 cos θ𝑖 𝑎𝑖 sin θ𝑖
0 sin α𝑖 cos α𝑖 𝑑𝑖
0 0 0 1
] (2.4) 
Then the following formulas are used to calculate the global position, velocity, and acceleration of 
a point in the Cartesian coordinate system. 
𝐫𝑖 
0 = 𝐀𝑖𝐫𝑖 ,                  ?̇?𝑖 
0 = 𝐁𝑖𝐫𝑖 ,                  ?̈?𝑖 
0 = 𝐂𝑖𝐫𝑖 ,   (2.1) 
 where 𝐫𝑖 
0  and 𝐫𝑖 are global and local augmented coordinates, respectively. 
2.2.1.1 Kinematics sensitivity analysis 
The sensitivity of position, velocity, and acceleration with respect to state variables are given as: 
  
𝜕𝐀𝑖
𝜕𝑞𝑘
=
{
 
 
 
 
𝜕𝐀𝑖−1
𝜕𝑞𝑘
𝐓𝑖                                              𝑘 < 𝑖)
𝐀𝑖−1
𝜕𝐓𝑖
𝜕𝑞𝑘
                                            𝑘 = 𝑖)
0                                                           𝑘 > 𝑖)
 
(2.2) 
  
𝜕𝐁𝑖
𝜕𝑞𝑘
=
{
 
 
 
 
𝜕𝐁𝑖−1
𝜕𝑞𝑘
𝐓𝑖 +
𝜕𝐀𝑖−1
𝜕𝑞𝑘
𝜕𝐓𝑖
𝜕𝑞𝑖
?̇?𝑖                 𝑘 < 𝑖)
𝐁𝑖−1
𝜕𝐓𝑖
𝜕𝑞𝑘
+ 𝐀𝑖−1
𝜕2𝐓𝑖
𝜕𝑞𝑘
2 ?̇?𝑖                𝑘 = 𝑖)
0                                                          𝑘 > 𝑖)
 
(2.3) 
    
𝜕𝐁𝑖
𝜕?̇?𝑘
=
{
 
 
 
 
𝜕𝐁𝑖−1
𝜕?̇?𝑘
𝐓𝑖                                             𝑘 < 𝑖)
𝐀𝑖−1
𝜕𝐓𝑖
𝜕𝑞𝑘
                                         𝑘 = 𝑖)
0                                                         𝑘 > 𝑖)
 
(2.4) 
    
𝜕𝐂𝑖
𝜕𝑞𝑘
=
{
 
 
 
 
𝜕𝐂𝑖−1
𝜕𝑞𝑘
𝐓𝑖 + 2
𝜕𝐁𝑖−1
𝜕𝑞𝑘
𝜕𝐓𝑖
𝜕𝑞𝑖
?̇?𝑖 +
𝜕𝐀𝑖−1
𝜕𝑞𝑘
𝜕2𝐓𝑖
𝜕𝑞𝑖
2 ?̇?𝑖
2 +
𝜕𝐀𝑖−1
𝜕𝑞𝑘
𝜕𝐓𝑖
𝜕𝑞𝑖
?̈?𝑖                 𝑘 < 𝑖)
𝐂𝑖−1
𝜕𝐓𝑖
𝜕𝑞𝑘
+ 2𝐁𝑖−1
𝜕2𝐓𝑖
𝜕𝑞𝑘
2 ?̇?𝑖 + 𝐀𝑖−1
𝜕3𝐓𝑖
𝜕𝑞𝑘
3 ?̇?𝑖
2 + 𝐀𝑖−1
𝜕2𝐓𝑖
𝜕𝑞𝑘
2 ?̈?𝑖                     𝑘 = 𝑖)
0                                                                                                                          𝑘 > 𝑖)
 
        
(2.5) 
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𝜕𝐂𝑖
𝜕?̇?𝑘
=
{
 
 
 
 
𝜕𝐂𝑖−1
𝜕?̇?𝑘
𝐓𝑖 + 2
𝜕𝐁𝑖−1
𝜕?̇?𝑘
𝜕𝐓𝑖
𝜕𝑞𝑖
?̇?𝑖                                                                              𝑘 < 𝑖)
2𝐁𝑖−1
𝜕𝐓𝑖
𝜕𝑞𝑘
+ 2𝐀𝑖−1
𝜕2𝐓𝑖
𝜕𝑞𝑘
2 ?̇?𝑖                                                                          𝑘 = 𝑖)
0                                                                                                                          𝑘 > 𝑖)
 
  (2.6) 
    
𝜕𝐂𝑖
𝜕?̈?𝑘
=
{
 
 
 
 
𝜕𝐂𝑖−1
𝜕?̈?𝑘
𝐓𝑖                                                                                                              𝑘 < 𝑖)
𝐀𝑖−1
𝜕𝐓𝑖
𝜕𝑞𝑘
                                                                                                           𝑘 = 𝑖)
0                                                                                                                          𝑘 > 𝑖)
 
 (2.7) 
  
2.2.2   Backward recursive dynamics 
 
Based on the forward recursive kinematics, the backward recursive dynamics are expressed in Eqs. 
(2.12-2.16) 
τ𝑖 = tr (
∂𝐀i
∂𝑞𝑖
𝐃𝑖) − 𝐠
T 𝜕𝐀𝑖
𝜕𝑞𝑖
𝐄𝑖 − 𝐟𝑘
T 𝜕𝐀𝑖
𝜕𝑞𝑖
𝐅𝑖 − 𝐆𝑖
T𝐀𝑖−1𝐳0     (2.12) 
𝐃𝑖 = 𝐈𝑖𝐂𝑖
T + 𝐓𝑖+1𝐃𝑖+1                     (2.13) 
𝐄𝑖 = 𝑚𝑖𝐫𝑖 + 𝐓𝑖+1𝐄𝑖+1         (2.14) 
𝐅𝑖 = 𝐫𝑘δ𝑖𝑘 + 𝐓𝑖+1𝐅𝑖+1         (2.15) 
𝐆𝑖 = 𝐡𝑘δ𝑖𝑘 + 𝐆𝑖+1         (2.16) 
where in the Eq. (2.12) the first term is the inertia and Coriolis torque, the second term is the torque 
due to gravity load, the third term is the torque due to external force, and the fourth term represents 
the torque due to external moment. 
Also, 𝑡𝑟 ∙) is the trace of a matrix, 𝐀𝑖  and 𝐂𝑖 are global position and acceleration transformation 
matrices, 𝐈𝑖 is the inertia matrix for link i, 𝐃𝑖 is the recursive inertia and Coriolis matrix, 𝐄𝑖 is the 
recursive vector for gravity torque calculation, 𝐅𝑖 is the recursive vector for external force-torque 
calculation, 𝐆𝑖  is the recursive vector for external moment torque calculation, 𝐠 is the gravity 
vector, 𝑚𝑖  is the mass of link i, 𝐫𝑖  is the COM of link i in the ith local frame, 
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𝐟𝑘 = [0 𝑓𝑘𝑦 𝑓𝑘𝑧 0]
T is the external force applied on link k, 𝐫𝑘 is the position of the external 
force in the kth local frame, 𝐡𝑘 = [ℎ𝑥 0 0 0]
T is the external moment applied on link k, 𝐳0 =
[0 0 1 0]T is for a revolute joint, 𝐳0 = [0 0 0 0]
T is for a prismatic joint, finally, δ𝑖𝑘 is 
Kronecker delta, and the starting conditions are 𝐃𝑛+1 = [𝟎] and 𝐄𝑛+1 = 𝐅𝑛+1 = 𝐆𝑛+1 = [𝟎]. 
 
2.2.3  EOM of floating-base box 
The box only has three global DOFs (𝑧21, 𝑧22, 𝑧23) as shown in Figure 2.1, so it is called a floating-
base box. During the lifting process, the grasping forces from human1 and human2 keep the box in 
balance with the inertia and gravity forces as below,  
τ𝑖 = tr (
∂𝐀i
∂𝑞𝑖
𝐃𝑖) − 𝐠
T 𝜕𝐀𝑖
𝜕𝑞𝑖
𝐄𝑖 − 𝐟𝑘
T 𝜕𝐀𝑖
𝜕𝑞𝑖
𝐅𝑖 = 0,         𝑖 = 1, 2, 3    (2.17) 
2.2.4  Sensitivity with respect to state variables 
The derivatives 
∂𝜏𝑖
∂𝑞𝑘
,
∂𝜏𝑖
∂?̇?𝑘
, 
∂𝜏𝑖
∂?̈?𝑘
 (i = 1 to n; k = 1 to n), can be evaluated in a recursive way using the 
foregoing recursive Lagrangian dynamics formulation for the human mechanical system as follows 
(Xiang et al., 2009b): 
𝜕𝜏𝑖
𝜕𝑞𝑘
= {
𝑡𝑟 (
𝜕2𝐀𝑖
𝜕𝑞𝑖𝜕𝑞𝑘
𝐃𝑖 +
𝜕𝐀𝑖
𝜕𝑞𝑖
𝜕𝐃𝑖
𝜕𝑞𝑘
) − 𝐠T
𝜕2𝐀𝑖
𝜕𝑞𝑖𝜕𝑞𝑘
𝐄𝑖 − 𝐟
T 𝜕
2𝐀𝑖
𝜕𝑞𝑖𝜕𝑞𝑘
𝐅𝑖 − 𝐆𝑖
T 𝜕𝐀𝑖−1
𝜕𝑞𝑘
𝐳0              𝑘 ≤ 𝑖)
𝑡𝑟 (
𝜕𝐀𝑖
𝜕𝑞𝑖
𝜕𝐃𝑖
𝜕𝑞𝑘
) − 𝐠T
𝜕𝐀𝑖
𝜕𝑞𝑖
𝜕𝐄𝑖
𝜕𝑞𝑘
− 𝐟T
𝜕𝐀𝑖
𝜕𝑞𝑖
𝜕𝐅𝑖
𝜕𝑞𝑘
                                                                     𝑘 > 𝑖)
   
                                                                                                                                               (2.18) 
𝜕𝜏𝑖
𝜕𝑞?̇?
= 𝑡𝑟 (
𝜕𝐀𝑖
𝜕𝑞𝑖
𝜕𝐃𝑖
𝜕𝑞?̇?
)                                                                                                                 (2.19)  
𝜕𝜏𝑖
𝜕𝑞?̈?
= 𝑡𝑟 (
𝜕𝐀𝑖
𝜕𝑞𝑖
𝜕𝐃𝑖
𝜕𝑞?̈?
)                                                                                                                  (2.20) 
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2.2.5  Zero moment point (ZMP) and ground reaction force (GRF) 
Zero moment point (ZMP) is a well-known bipedal dynamic stability criterion that has been used 
widely in the literature. It is defined as the point on the ground at which the resultant tangential 
moments are zero (Vukobratovic and Borovac, 2004 “zero-moment point, 35 years of its life”). 
An active-passive algorithm is used to calculate ZMP and GRF to obtain the real joint torque for 
the multibody human system (Xiang et al., 2009 “one step walking paper”). The algorithm is 
outlined here as follows: 
(1) Given the state variables 𝑞𝑖, ?̇?𝑖  , ?̈?𝑖  (design variables) for each DOF, the global resultant active 
forces (𝐌𝑜, 𝐅𝑜) at the origin in the inertial reference frame (Figure 2.1) are obtained from 
equations of motion without GRF using inverse dynamics. 
(2) After that, the ZMP position is calculated from its definition using the global resultant active 
force as follows: 
         𝑧𝑚𝑝 = 0;          𝑧𝑚𝑝 = 0 ;                𝑧𝑧𝑚𝑝 =
−𝑀𝑥
𝑜
𝐹𝑦
𝑜  
(2.21) 
        where 𝐌𝑜 = [𝑀𝑥
𝑜  0  0]T and 𝐅𝑜 = [0  𝐹𝑦
𝑜  𝐹𝑧
𝑜]T. In addition, the two feet are assumed on the 
         level ground. 
(3) After obtaining the ZMP position, the resultant active forces at ZMP (𝐌𝑧𝑚𝑝, 𝐅𝑧𝑚𝑝) are 
computed using the equilibrium condition as follows: 
        𝐌𝑧𝑚𝑝 = 𝐌𝑜 + 𝐅𝑜 × 𝐫 
𝑜
𝑧𝑚𝑝
  
         𝐅𝑧𝑚𝑝 = 𝐅𝑜 
(2.22) 
        where 𝐫 
𝑜
𝑧𝑚𝑝
  is the ZMP position in the global coordinate system obtained from Eq. (2.21). 
(4) Then the value and location of GRF are calculated from the equilibrium between the resultant 
active forces and passive forces at the ZMP: 
        𝐌𝐺𝑅𝐹 + 𝐌𝑧𝑚𝑝 = 𝟎 
        𝐅𝐺𝑅𝐹 + 𝐅𝑧𝑚𝑝 = 𝟎 
(2.23) 
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       𝐫 
𝑜
𝐺𝑅𝐹
 − 𝐫 
𝑜
𝑧𝑚𝑝
 = 𝟎 
       where 𝐌𝐺𝑅𝐹 = [𝑀𝑥
𝐺𝑅𝐹    0      0 ]T and 𝐅𝐺𝑅𝐹 = [0  𝐹𝑦
𝐺𝑅𝐹𝐹𝑧
𝐺𝑅𝐹]T. 
2.2.6  Sensitivity with respect to varying external force 
External forces can be given as constant or varying values in Eqs. (2.12-2.16). In this study, the 
grasping external forces between human and box are treated as unknowns (design variables) in 
the optimization formulation. Therefore, the joint torques from the EOM are not only the function 
of state variables q, but also the varying external forces. The sensitivity of joint torque with 
respect to external force should be derived for gradient-based optimization. Without loss of 
generality, an active external load along the vertical direction 𝑓𝑘𝑦 is treated as a design variable. 
𝑓𝑘𝑦 affects the joint torques in two ways: explicit effect (𝜏𝑖
𝑜) from the EOM, and implicit effect 
(𝜏𝑖
~) from passive GRF. The direct differentiation of 𝜏𝑖
𝑜 with respect to 𝑓𝑘𝑦 can be obtained from 
Eq. (2.12) directly as: 
   
∂𝜏𝑖
𝑜
∂𝑓𝑘𝑦
= [0 1 0 0]
𝜕𝐀𝑖
𝜕𝑞𝑖
𝐅𝑖 
(2.24) 
However, the external force, GRF, also depends on 𝑓𝑘𝑦 passively due to balance condition. In this 
study, the GRF is calculated from human global joint torques using an active-passive algorithm 
(Xiang et al., 2009a), as shown in Figure 2.3. 
 
Figure 2.3 GRF active-passive feedback flowchart 
q ,  𝑘𝑦 EOM   ,   ,   ,   
𝐟   ,    
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Therefore, 𝐟𝐺𝑅𝐹 = [0, 𝑓𝑦
𝐺𝑅𝐹 𝜏1~3
𝑜 ), 𝑓𝑧
𝐺𝑅𝐹 𝜏1~3
𝑜 ), 0]T is a function of 𝜏1~3
𝑜  (active global 
joint torques).Then the sensitivity of joint torque 𝜏𝑖
~ with respect to 𝑓𝑘𝑦 due to GRF is calculated 
using the chain rule as: 
   
∂𝜏𝑖
~
∂𝑓𝑘𝑦
=
∂𝜏𝑖
~
∂𝑓𝑦
𝐺𝑅𝐹
∂𝑓𝑦
𝐺𝑅𝐹
∂𝜏1~3
𝑜
∂𝜏1~3
𝑜
∂𝑓𝑘𝑦
+
∂𝜏𝑖
~
∂𝑓𝑧
𝐺𝑅𝐹
∂𝑓𝑧
𝐺𝑅𝐹
∂𝜏1~3
𝑜
∂𝜏1~3
𝑜
∂𝑓𝑘𝑦
 
(2.25) 
  
∂𝜏𝑖
~
∂𝑓𝑦
𝐺𝑅𝐹 = [0 1 0 0]
𝜕𝐀𝑖
𝜕𝑞𝑖
𝐅𝑖 
(2.26) 
  
∂𝜏𝑖
~
∂𝑓𝑧
𝐺𝑅𝐹 = [0 0 1 0]
𝜕𝐀𝑖
𝜕𝑞𝑖
𝐅𝑖 
(2.27) 
 
where the term 
∂𝑓𝑦
𝐺𝑅𝐹
∂𝜏1~3
𝑜  involves the zero-moment-point (ZMP) location calculation, refer to  
Section 2.2.5 for detailed calculations. The term 
∂𝜏1~3
𝑜
∂𝑓𝑘𝑦
 is obtained from Eq. (2.24). Finally, the 
sensitivity of the joint torque with respect to the active external load 𝑓𝑘𝑦 is the summation of Eqs. 
(2.24) and (2.25): 
  
∂𝜏𝑖
∂𝑓𝑘𝑦
=
∂𝜏𝑖
𝑜
∂𝑓𝑘𝑦
+
∂𝜏𝑖
~
∂𝑓𝑘𝑦
 
(2.28) 
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CHAPTER III 
 
 
FORMULATION 
3.1   Team lifting task 
In this thesis, the team lifting task is illustrated as moving a box from an initial location to a final 
location. Figure 3.1 depicts the input parameters for the proposed formulation. 
 
Figure 3.1 Input parameters for the team lifting task 
In this regard, h1 and h2 are the initial and final heights of the box measured from the ground to 
the left edge of the box for human1; d1 and d2 are the initial and the final hand distance measured  
from the human1 ankle location to the left edge of the box (side close to human1); h3 and h4 are 
 
 
L
d1
h4
h2
h3
h1
d4
d2
d3
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the initial and final heights for human2 measured from the ground, d3 and d4 are the initial and the 
final hand distance for human2 measured from the human1 ankle location to the right edge (side 
close to human2) of the box and L is the standing distance (ankle to ankle) between two humans. 
The dynamic lifting trajectory and grasping forces are solved from a nonlinear optimization 
problem. In addition, the mechanical system is at rest at the initial and final time points. 
 
3.2  Optimization formulation 
The lifting motion is predicted by solving a nonlinear optimization problem. Here the box initial 
and final positions, the feet positions, and the box dimension and weight are given. The total time 
T for lifting motion is specified. The joint angles of knee, spine, and elbow at initial, mid-time, 
final time points are specified from experiments to predict subject-specific lifting strategies. 
 
3.2.1  Design variables 
As the lifting task is formulated as the nonlinear programming (NLP) problem, cubic B-spline 
functions are used to discretize the time domain. A joint profile q(t) is discretized as follows: 
  𝑞 𝐬, 𝐏, 𝑡) =  ∑N𝑖 𝐬, 𝑡)
𝑚
𝑖=1
𝑃𝑖          0 ≤ 𝑡 ≤ 𝑇 
(3.1) 
where s = {𝑠0,….., 𝑠𝑙} is the knot vector, P = { 𝑃1,……, 𝑃𝑚} is the control point vector, 
and N𝑖 𝐬, 𝑡) is the basis function. The control points become the optimization design 
variables. As a result, Phuman1, Phuman2, and Pbox are the design variables for the human1, 
human2, and the box, respectively. Note that the box global joints represent two global 
translations and one global rotation. In addition, the grasping forces (𝐟1
𝑐 and 𝐟2
𝑐) between 
human and box are also treated as design variables. 
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3.2.2  Objective functions 
The dynamics effort (Xiang et al., 2010b) is used as the objective function for the team lifting 
motion which is defined as the summation of time integral of the squares of all joint torques for 
human1 and human2. 
𝐽 𝐏ℎ𝑢𝑚𝑎𝑛1, 𝐏ℎ𝑢𝑚𝑎𝑛2, 𝐏𝑏𝑜𝑥, 𝐟1
𝑐, 𝐟2
𝑐) = ∑ ∫ {𝜏𝑖 ℎ𝑢𝑚𝑎𝑛1)
2  𝐏ℎ𝑢𝑚𝑎𝑛1, 𝐟1
𝑐)
𝑇
0
+ 𝜏𝑖 ℎ𝑢𝑚𝑎𝑛2)
2  𝐏ℎ𝑢𝑚𝑎𝑛2, 𝐟2
𝑐)}𝑑𝑡𝑛𝑖=1     (3.2) 
where 𝑇 is the total time. The total time duration T is a specified input parameter. Also, note that 
the joint torque for each human global DOF is zero for a balanced lifting motion. 
 
3.2.3  Constraints 
Two types of constraints are considered for the team lifting optimization problem: time dependent 
and time independent. Time dependent constraints include (1) joint angle limits, (2) torque limits, 
(3) feet contacting position, (4) dynamic stability, (5) collision avoidance, (6) box forward, (7) 
box range of motion, (8) box grasping, (9) box global EOM. Time independent constraints 
include (10) initial and final box locations, (11) static conditions at the beginning and end of the 
motion, and (12) initial, mid-time, and final joint angles of knee, spine, and elbow. For time 
dependent constraints, constraints (1-6) are imposed for both human1 and human2, and 
constraints (7-9) are imposed for the box. 
Time dependent constraints are calculated sequentially in the optimization process at every time 
discretization point. From Figure 3.2, it is seen that at time t1, the optimization first calculates all 
the time dependent constraints for human1. After that, the optimization proceeds the calculation 
for the constraints of human2, and lastly, it will calculate the constraints for the box. This loop 
will continue until the final time point T. In contrast, the optimization calculates the time 
independent constraints for human1 and human2 at a specific time. 
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Figure 3.2 Calculation of time dependent constraints 
 
3.2.3.1  Time dependent constraints 
 
(1)  Joint angle limits 
        𝐪ℎ𝑢𝑚𝑎𝑛1
𝐿 ≤ 𝐪ℎ𝑢𝑚𝑎𝑛1 𝑡) ≤ 𝐪ℎ𝑢𝑚𝑎𝑛1
𝑈  
       𝐪ℎ𝑢𝑚𝑎𝑛2
𝐿 ≤ 𝐪ℎ𝑢𝑚𝑎𝑛2 𝑡) ≤ 𝐪ℎ𝑢𝑚𝑎𝑛2
𝑈  
(3.3) 
where 𝐪ℎ𝑢𝑚𝑎𝑛1
𝐿  and 𝐪ℎ𝑢𝑚𝑎𝑛2
𝐿  are the lower joint angle limits, and 𝐪ℎ𝑢𝑚𝑎𝑛1
𝑈  and 𝐪ℎ𝑢𝑚𝑎𝑛2
𝑈  are the 
upper joint limits for human1 and human2, respectively. 
 
(2)  Joint torque limits 
       𝛕ℎ𝑢𝑚𝑎𝑛1
𝐿 ≤ 𝛕ℎ𝑢𝑚𝑎𝑛1 𝑡) ≤ 𝛕ℎ𝑢𝑚𝑎𝑛1
𝑈  
       𝛕ℎ𝑢𝑚𝑎𝑛2
𝐿 ≤ 𝛕ℎ𝑢𝑚𝑎𝑛2 𝑡) ≤ 𝛕ℎ𝑢𝑚𝑎𝑛2
𝑈  
(3.4) 
Calculate time 
dependent  
constraints for 
Box
Calculate time 
dependent 
constraints for
Human2
Calculate time 
dependent 
constraints for
Human1
At time ti
i = 1,…,k
Repeat the loop 
until i = k
Start 
Formulation
(Time Dependent 
Constraints)
22 
 
 
where  𝛕ℎ𝑢𝑚𝑎𝑛1
𝐿  and 𝛕ℎ𝑢𝑚𝑎𝑛2
𝐿  are dynamic lower joint torque limits, and 𝛕ℎ𝑢𝑚𝑎𝑛1
𝑈  and 𝛕ℎ𝑢𝑚𝑎𝑛2
𝑈  
are dynamic upper limits for human1 and human2 (Xiang et al. 2019), respectively. 
 
(3)  Feet contacting positions 
      𝑝ℎ𝑢𝑚𝑎𝑛1_𝑓𝑒𝑒𝑡 𝑡) = 𝑝ℎ𝑢𝑚𝑎𝑛1_𝑓𝑒𝑒𝑡
𝑠  
      𝑝ℎ𝑢𝑚𝑎𝑛2_𝑓𝑒𝑒𝑡 𝑡) = 𝑝ℎ𝑢𝑚𝑎𝑛2_𝑓𝑒𝑒𝑡
𝑠  
(3.5) 
where 𝑝ℎ𝑢𝑚𝑎𝑛1_𝑓𝑒𝑒𝑡
𝑠  and 𝑝ℎ𝑢𝑚𝑎𝑛2_𝑓𝑒𝑒𝑡
𝑠  are the specified feet contact position on the level ground. 
 
(4)  Dynamic stability/Balance condition 
 
𝑝ℎ𝑢𝑚𝑎𝑛1_𝑍𝑀𝑃 𝑡) ∈ FSR 
𝑝ℎ𝑢𝑚𝑎𝑛2_𝑍𝑀𝑃 𝑡) ∈ FSR 
(3.6) 
where ZMP position is inside the foot support region (FSR) for human1 and human2 as shown in 
Figure 3.3. 
 
Figure 3.3 Foot support region  
(5)  Collision avoidance 
𝑑ℎ𝑢𝑚𝑎𝑛1 𝑡) ≥ 𝑟ℎ𝑢𝑚𝑎𝑛1 
𝑑ℎ𝑢𝑚𝑎𝑛2 𝑡) ≥ 𝑟ℎ𝑢𝑚𝑎𝑛2 
(3.7) 
o
y
z
𝑝ℎ𝑢𝑚𝑎𝑛1_𝑍𝑀𝑃
human heel human toe
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where 𝑑ℎ𝑢𝑚𝑎𝑛1 and 𝑑ℎ𝑢𝑚𝑎𝑛2 are the calculated distance between the hand and the circle center 
on body segment representing the body thickness, can be expressed as 𝑑ℎ𝑢𝑚𝑎𝑛1 =
‖𝐫human1_body×𝐫box_edge‖
‖𝐫box_edge‖
,  𝑟ℎ𝑢𝑚𝑎𝑛1 and 𝑟ℎ𝑢𝑚𝑎𝑛2 are the radius of the circle for human1 and human2 
as shown is Figure 3.4. There are total seven circles for each human model filled into body 
segments: two for spine and five for leg. 
 
Figure 3.4 Collision avoidance constraint between the box and human body 
 
(6)  Box forward 
 ℎ𝑢𝑚𝑎𝑛1_𝑤𝑟𝑖𝑠𝑡 𝑡) −  ℎ𝑢𝑚𝑎𝑛1_𝑝𝑒𝑙𝑣𝑖𝑠 𝑡)  ≥ 0      (3.8) 
where  ℎ𝑢𝑚𝑎𝑛1_𝑤𝑟𝑖𝑠𝑡 and  ℎ𝑢𝑚𝑎𝑛1_𝑝𝑒𝑙𝑣𝑖𝑠 are the global Z coordinates of wrist and pelvis points of 
human1 as shown in Figure 3.5. 
𝑑ℎ𝑢𝑚𝑎𝑛1
𝐫     1_    
𝐫   _    
𝑟ℎ𝑢𝑚𝑎𝑛1
24 
 
 
Figure 3.5 Box forward and box grasping constraints 
(7)  Box range of motion 
where 𝐪𝑏𝑜𝑥
𝐿  is the lower box joint angle limits and 𝐪𝑏𝑜𝑥
𝑈  is the upper limit. 
(8)  Box grasping 
       𝑝ℎ𝑢𝑚𝑎𝑛1_𝑤𝑟𝑖𝑠𝑡 𝑡) − 𝑝𝑏𝑜𝑥
𝐿  𝑡)= 0 
       𝑝ℎ𝑢𝑚𝑎𝑛2_𝑤𝑟𝑖𝑠𝑡 𝑡) − 𝑝𝑏𝑜𝑥
𝑅  𝑡)= 0 
(3.10) 
where 𝑝ℎ𝑢𝑚𝑎𝑛1_𝑤𝑟𝑖𝑠𝑡 and 𝑝ℎ𝑢𝑚𝑎𝑛2_𝑤𝑟𝑖𝑠𝑡 are the wrist positions of human1 and human2, 
respectively. 𝑝𝑏𝑜𝑥
𝐿  and 𝑝𝑏𝑜𝑥
𝑅  are the left and right edge positions of the box as shown in Figure 
3.5. 
Y
O
𝑝ℎ𝑢𝑚𝑎𝑛1_𝑤𝑟𝑖𝑠𝑡
 
𝑝𝑏𝑜𝑥
𝐿
 ℎ𝑢𝑚𝑎𝑛1_𝑤𝑟𝑖𝑠𝑡
 
 ℎ𝑢𝑚𝑎𝑛1_𝑝𝑒𝑙𝑣𝑖𝑠
 
Z
       𝐪𝑏𝑜𝑥
𝐿 ≤ 𝐪𝑏𝑜𝑥 𝑡) ≤ 𝐪𝑏𝑜𝑥
𝑈  (3.9) 
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(9)  Box EOM 
       |𝜏𝑖
𝑏𝑜𝑥| ≤ 𝜀,           𝑖 = 1, 2, 3 (3.11) 
where  𝑏𝑜𝑥 is the global joint force and torque values of the box, 𝜀 = 1 N. Two external grasping 
forces are acting on the box edges to keep it in balance as shown in Figure 3.6. Also, GRF1 and 
GRF2 acting on human1 and human2 keep the human-box system in balance. 
 
Figure 3.6 Box EOM constraint 
 
3.2.3.2  Time independent constraints 
 
(10)  Initial and final hand positions 
         𝑝ℎ𝑢𝑚𝑎𝑛1_ℎ𝑎𝑛𝑑 𝑡) = 𝑝ℎ𝑢𝑚𝑎𝑛1_ℎ𝑎𝑛𝑑
𝑠  𝑡);              𝑡 = 0, 𝑇 
         𝑝ℎ𝑢𝑚𝑎𝑛2_ℎ𝑎𝑛𝑑 𝑡) = 𝑝ℎ𝑢𝑚𝑎𝑛2_ℎ𝑎𝑛𝑑
𝑠  𝑡) 
(3.12) 
where, 𝑝ℎ𝑢𝑚𝑎𝑛1_ℎ𝑎𝑛𝑑
𝑠  and 𝑝ℎ𝑢𝑚𝑎𝑛2_ℎ𝑎𝑛𝑑
𝑠  are the specified hand positions at initial and final times. 
Human 1 Human 2Box
Balance of Human 1 Balance of Human 2
Balance of Box
GRF1 GRF2
grasping grasping
Distance
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(11)  Initial and final static conditions 
?̈?ℎ𝑢𝑚𝑎𝑛1 𝑡) = 𝟎;             𝑡 = 0, 𝑇 
?̈?ℎ𝑢𝑚𝑎𝑛2 𝑡) = 𝟎  
?̈?𝑏𝑜𝑥 𝑡) = 𝟎 
(3.13) 
(12)  Initial, mid-time, and final joint angles for knee, spine, and elbow 
|𝑞𝑖_ℎ𝑢𝑚𝑎𝑛1 𝑡) − 𝑞𝑖_ℎ𝑢𝑚𝑎𝑛1
𝐸  𝑡)| ≤ 10°;             𝑡 = 0,
𝑇
2
, 𝑇 
|𝑞𝑖_ℎ𝑢𝑚𝑎𝑛2 𝑡) − 𝑞𝑖_ℎ𝑢𝑚𝑎𝑛2
𝐸  𝑡)| ≤ 10°  
(3.14) 
where 𝑞𝑖
𝐸 is the experimental joint angle for knee, spine, and elbow joints.  
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CHAPTER IV 
 
 
NUMERICAL RESULTS 
A sequential quadratic programming (SQP) algorithm in SNOPT (Gill et al., 2002) is used to 
solve the nonlinear optimization problem of team lifting. To use the algorithm, cost and constraint 
functions and their gradients need to be calculated. The recursive kinematics and dynamics 
provide accurate gradients to improve the computational efficiency of the optimization algorithm 
(Xiang et al., 2009b; Lee et al., 2005). 𝐏 = [𝐏ℎ𝑢𝑚𝑎𝑛1, 𝐏ℎ𝑢𝑚𝑎𝑛2, 𝐏𝑏𝑜𝑥] = 𝟎, 𝐟 
 = 𝐟 
 =  𝟎 are 
used as the initial guess for the optimization. There are total 168 design variables and 1146 
nonlinear constraints. The adaptive lifting strategies are predicted for team lifting by solving the 
NLP problem. The optimal solution is obtained in 151.99 seconds on a laptop with an Intel® 
Core™ i7 2.11 GHz CPU and 16 GB RAM. The input data related to the team box-lifting task 
(refer to Figure 3.1) are given in Table 4.1. 
Table 4.1 Task parameters for the box team lifting 
Parameters 
Board weight (Kg) 10 
Board width (m) 0.370 
Board height (m) 0.05 
Board depth (m) 0.5 
d1 = d2 (m) 0.375 
h1 = h3 (m) 0.073 
d3 = d4 (m) 0.875 
h2 = h4 (m) 1.0 
Standing distance, L(m) 1.25 
T (s) 2.0 
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4.1   Case 1: Centric-weight lifting simulation 
In this case, the box COM is in the middle, and other parameters are listed in Table 3.1 (centric-
weight lifting). The joint torque, GRF, and hand-box grasping force profiles for centric-weight 
team lifting are presented in Figures 4.1- 4.3, respectively. 
 
Figure 4.1 Comparison of centric-weight lifting joint torque profiles 
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Figure 4.2 Comparison of centric-weight lifting GRF profiles 
 
Figure 4.3 Hand-box grasping forces for centric-weight lifting  
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4.2   Case 2: Eccentric-weight lifting simulation 
In this case, the effects of the box’s COM location on the dynamic lifting motion are studied. We 
move the box’s COM 0.1m towards human2 in the horizontal direction while other parameters 
are the same in Table 4.1. The joint torque, GRF, and hand-box grasping force profiles for 
eccentric-weight team lifting are presented in Figures 4.4 - 4.6, respectively. 
 
Figure 4.4 Comparison of eccentric-weight lifting joint torque profiles 
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Figure 4.5 Comparison of eccentric-weight lifting GRF profiles 
 
Figure 4.6 Hand-box grasping forces for eccentric-weight lifting 
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4.3   Validation 
 
Two college students with 50th percentile height and weight are recruited for team lifting 
experiment in this study. The subjects have no musculoskeletal disorders and specific training in 
MMH techniques. The team lifting experiments are approved by the Institutional Review Board 
(IRB) of Oklahoma State University. Two team lifting tasks, centric-weight, and eccentric-
weight, are performed, and each team lifting task is repeated three times with 5 seconds rest 
between two consecutive liftings. Canon EOS Rebel T7i DSLR Camera is used to record the 
videos of each team lifting task. 
 
Kinovea (Anguilar et al., 2015), a video analysis software, is used to track the ankle, knee, hip, 
spine, elbow, and wrist marker positions of human1 and human2 during the team lifting motion 
as shown in Figure 4.8 (a, b). It will be possible to track the marker’s route from start to finish by 
selecting the option called Track Path in Kinovea. Then the Cartesian coordinates of these 
markers are output to calculate the knee, hip, spine, and elbow joint angles using the trigonometry 
formula. Finally, MATLAB® is used for postprocessing (average and resampling) the output data 
to obtain the joint angle graphs for human1 and human2. The whole process is shown in Figure 
4.7 and this flow is repeated for each video.  
 
 
 
 
 
 
 
 
33 
 
 
Figure 4.7 Flowchart of the experimental procedure 
 
The simulated motion is validated against the experimental joint angle profiles in Figures 4.9 and 
4.10 for centric- and eccentric-weight liftings, respectively. 
 
 
 
 
 
 
Kinovea
Start Program
Upload the video 
file
Select the marker 
position
Select track path
option in each 
marker 
Run the video until 
the desired 
position
End track path
Microsoft Excel
Cartesian coordinates 
of each marker from 
the tracking
Calculate the joint 
angle for each joint 
using trigonometry 
formula
Post-processing(MATLAB)
Average and Resampling
Experimental joint angle 
graphs for human1 and 
human2
Comparison between 
experimental and 
simulated joint angle 
graphs
Export to 
spreadsheet
Output data for each 
joint from total six 
videos 
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                                      (a)                                                                           (b)  
 
(c)                                                                           (d) 
 
Figure 4.8 Team lifting motion for 10 Kg box: (a) Centric-weight experiment, (b) eccentric-
weight experiment, (c) centric-weight simulation, (d) eccentric-weight simulation 
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Figure 4.9 Joint angle profile validation for centric-weight team lifting 
 
 
 
Figure 4.10 Joint angle profile validation for eccentric-weight team lifting 
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4.4   Discussion    
For case 1, the box COM is in the middle. The lower body (hip, knee, and ankle) joint torques are 
similar for human1 and human2, as shown in Figure 4.1. However, the upper body (spine, 
shoulder, and elbow) joint torques are different. Human1 has a small spine torque but large 
shoulder and elbow torques. This reflects different lifting strategies for two team members. For 
GRF profiles in Figure 4.2, the vertical GRFs for human1 and human2 have similar magnitudes 
and trends. The summation of human1 and human2’s horizontal GRFs is approximately equal to 
zero to keep the system in balance in the horizontal direction. For hand-box grasping forces, the 
vertical grasping forces for human1 and human2 are similar and roughly half of the box weight, 
and the horizontal grasping force values are in opposite directions to keep the box in balance as 
shown in Figure 4.3. 
 
For case 2, we can see the differences of joint torque, GRF, and grasping force profiles between 
human1 and human2 as depicted in Figures 4.4-4.6. The vertical GRF for human2 is larger than 
that of human1. Like centric-weight team lifting, the summation of human1 and human2’s 
horizontal GRFs for eccentric-weight team lifting is approximately equal to zero as shown in 
Figure 4.5. For the grasping forces in Figure 4.6, human2 takes more vertical weight than human1 
because the weight location is close to human2. In addition, the summation of the vertical 
grasping forces is approximately equal to the weight of the box. The horizontal grasping forces 
have similar magnitudes but in opposite directions. It is interesting to note that human1 has larger 
lower body joint torques than human2. In contrast, human2 has a larger spine and elbow joint 
torques during eccentric-weight lifting as shown in Figure 4.4. 
 
The snapshots of the predicted lifting are depicted in Figure 4.8 (c, d). It is seen that the initial 
squat postures of human1 and human2 are similar, but the final standing postures are different, 
37 
 
especially the arm postures. For eccentric-weight lifting, human2 pulls the box close to his body 
at final standing posture because the eccentric weight is on his side. For centric-weight lifting, the 
two final postures are quite similar. We can also see from Figure 4.8(d) that human2 uses a 
different lifting strategy compared to human1. In the beginning, human2 raises his hip first, then 
extends the knee. In contrast, human1 starts from knee extension directly. Therefore, the box is 
not strictly parallel to the ground, and there is a small rotation during the lifting process. 
 
The centric and eccentric-weight lifting joint angle profiles are validated with video capture 
experiments in Figures 4.9 and 4.10, respectively. It is seen that the joint angle of spine, elbow, 
hip, and knee have similar trends and magnitudes as the experimental data. We impose joint angle 
constraints for knee, spine, and elbow at initial, mid-time, and final time points. It is necessary to 
impose these time-independent constraints because human1 and human2 have different lifting 
strategies (Xiang et al., 2010c). It is noted that we only impose joint angle constraints on several 
key joints to predict team lifting motion.  It has been demonstrated that other joints’ angle profiles 
(ankle, hip, and shoulder) are successfully predicted without imposing joint angle constraints. 
 
During the team lifting, the most common injury is low back injury due to spinal loading. This 
injury can be predicted based on the injury index for spine joint torques. The ratio of the current 
joint torque to the joint torque limits is called the injury index of that joint. When the injury index 
is close to 1 for any joint, then the joint tends to face injury. In this study, from the simulation and 
experiment data, both for centric and eccentric weight lifting, the injury index for spine joint 
torques is not close to 1 for human1 and human2, respectively. So the spine joints are free from 
injury both for human1 and human2. Therefore, the simulated motion can be considered as a safe 
motion. In addition, using this optimization approach and musculoskeletal model, one can find 
the optimal joint angle and muscle forces to minimize a muscle-related cost function subjected to 
physical and task-based constraints. Also, in conjunction with the predicted motion, one can then 
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conduct a finite element analysis of a muscle for predicting muscle strain injury during team 
lifting. 
In this study, joint profiles were discretized using cubic B-splines, and five control points were 
used to represent each DOF for a joint angle profile. The total time duration is discretized into 
two evenly distributed segments, and each segment has six discretization points, so a total 13 
discretized output points. It was chosen based on the numerical test performed for the 
optimization. It was concluded that 13 discretized output points give an optimal solution 
successfully and quickly. It is also noted that if we increase the total number of discretized output 
points, there will be more control points, and more constraints need to be calculated which is 
difficult to converge and computationally inefficient. 
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CHAPTER V 
 
 
CONCLUSIONS AND FUTURE WORK 
5.1   Conclusions 
In this study, a novel optimization-based multibody dynamics modeling method was proposed to 
predict team lifting motion and hand grasping forces. Reasonable simulation results were 
obtained. Denavit-Hartenberg (DH) method was used to express the kinematics and dynamics of 
mechanical joints of human and box. The floating-base box with grasping forces was used to 
model human-box interaction. The team lifting problem was formulated as an NLP optimization 
problem and efficiently solved using a gradient-based optimizer SNOPT (Gill et al., 2002). The 
effect of box COM was investigated. The simulation demonstrated that the box COM location has 
significant effects on the optimal team lifting strategy, kinematics, and kinetics. Two college 
students with 50th percentile height and weight have performed the team lifting task, and the 
simulated motion is validated against the experimental joint angle profiles. These results can be 
used to plan the optimal team lifting motion to prevent injury. 
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5.2   Future Work 
Besides the foregoing work, the following issues will be studied in the future: 
 (1) extending the 2D skeletal lifting model to 3D model; (2) extending the skeletal model to 
musculoskeletal model; (3) conducting more rigorous motion capture validation; (4) further 
extending this work to human-robot interaction for team lifting; (5) delivering an ergonomic tool 
to prevent spine injury for team lifting. 
 
5.2.1 Motion capture validation 
The most immediate continuation of this research would be more rigorous motion capture 
validations. We plan to recruit 20 subjects to conduct team lifting experiments. Also, the effects 
of different box weight on team lifting motion prediction will be studied. 
 
5.2.2 2D skeletal lifting model to 3D model 
Another the most immediate continuation of this research would be to expand the 2D model to a 
3D model. The progression to a 3D model would increase the complexity due to its expansion of 
DOFs and a new axis of movement. 
 
5.2.3 Skeletal model to musculoskeletal model 
The simulation in this study is based on 2D skeletal model in joint space. The major advantage of 
the skeletal model is its computational efficiency. However, it excludes the important muscle 
activity and recruitment information. The optimization of a musculoskeletal model can be 
burdensome.  The recently developed numerical methods, such as inverse dynamics based 
optimization and collocation method, will be used for musculoskeletal team lifting simulation.  
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5.2.4 Human-robot interaction for team lifting 
Human-robot collaboration has a wide range of applications and high economic impact. Over the 
past years, researchers have developed different frameworks and methodologies to perform 
human-robot team lifting tasks. The proposed human team lifting prediction method can be used 
to study human-robot team lifting problems. Our goal is to use the predictive dynamics method 
developed in this thesis to predict human and robot motions, then use controllers to control the 
robot behavior. 
 
5.2.5    Ergonomic tool to prevent spine injury 
An ergonomic tool will be delivered to prevent spine injury based on the simulation model 
developed in this study. The spine torque injury index is defined as the ratio of the current 
calculated spine torque to the spine torque limit. If spine injury index is close to 1, it indicates a 
dangerous lifting situation. A threshold should be set for spine torque injury index to prevent 
spine injury for team lifting. The developed tool can output injury index during the dynamic 
lifting process to access injury conditions. Finally, this real-time simulation software will be 
delivered as an ergonomic tool to prevent injury for lifting. 
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APPENDICES 
 
 
Table A 1. Joint angle limits for human1 and human2 
 
Joint name Lower limit Upper limit 
Global translation 1 (forward) (m) -5.0 5.0 
Global translation 2 (upward) (m) -5.0 5.0 
Global rotation (degree) -10.0 10.0 
Spine (degree) 0.0 80.0 
Shoulder (degree) -90.0 90.0 
Elbow (degree) 5.0 120.0 
Hip (degree) -90.0 90.0 
Knee (degree) 5.0 120.0 
Ankle (degree) -20.0 80.0 
Metatarsal (degree) -50.0 20.0 
47 
 
Table A 2. Joint angle limits for Box 
Joint name Lower limit Upper limit 
Global translation 1 (forward) (m) -5.0 5.0 
Global translation 2 (upward) (m) -5.0 5.0 
Global rotation (degree) -90.0 90.0 
 
Table A 3. Static joint torque limits (Nm) for human1 and human2 
Joint name Lower limit Upper limit 
Global translation 1 (forward) -500.0 500.0 
Global translation 2 (upward) -500.0 500.0 
Global rotation -500.0 500.0 
Spine  -400.0 400.0 
Shoulder -184.0 126.0 
Elbow -117.4 120.6 
Hip -334.0 408.0 
Knee  -518.2 206.4 
Ankle -75.4 170.6 
Metatarsal  -140.0 140.0 
 
Table A 4. Static joint torque limits (Nm) for Box 
Joint name Lower limit Upper limit 
Global translation 1 (forward) -500.0 500.0 
Global translation 2 (upward) -500.0 500.0 
Global rotation -500.0 500.0 
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Table A 5. Box moment of inertia 
Name Moment of inertia (Kg∙m2) 
I   0.00178645 
I   0.00364583 
Izz 0.00251328 
 
 
Note that the arm and leg strength are doubled because arms and legs are modeled as single 
branches. 
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